ABSTRACT Computational efficiency and behavioral permissiveness are important criteria for evaluating the performance of deadlock control strategies. How to achieve an effective tradeoff between these criteria is a hot research topic in the field of deadlock prevention. Toward this end, a new iterative deadlock prevention policy based on mixed integer programming is proposed for a class of Petri nets called systems of sequential systems with shared resources (S 4 PR) nets. In each iteration, a minimal bad siphon is first calculated using the new approach, and a monitor is then designed to forbid all S -bad markings that turn the siphon S into a bad siphon. The algorithm terminates when no bad siphon is detected. The resultant system derived from the proposed approach has more permissive behavior compared with that derived from existing policies. Furthermore, optimal controlled systems can be obtained for some S 4 PR nets. Moreover, the computational efficiency of the algorithm is low because computation of the reachability graph and complete siphon enumeration are avoided.
I. INTRODUCTION
Deadlock may lead to the stoppage of production in flexible manufacturing systems (FMS) [1] . Therefore, the analysis and control of deadlocks that may occur in FMS is crucial for normal operation of such systems. Petri nets [21] , [24] are considered to be among the best graphical mathematical modeling tools for modeling and deadlock analysis of FMS. Deadlock prevention based on Petri nets uses an offline computation mechanism [12] that controls the allocation of system resources. Once the mechanism is established, deadlock will never occur in a system. In recent years, deadlock prevention policies have emerged as a hot research topic in the field of deadlock control. In general, studies on deadlock prevention policies based on Petri nets mainly involve two types of analytical methods: structural analysis methods and reachability-graph-based policies. Structural analysis methods [2] , [4] - [7] , [11] , [12] , [23] usually prevent FMS from reaching deadlock states by controlling siphons. A siphon is a special structural object in Petri nets that is closely related to the occurrence of deadlock states. In reachabilitygraph-based policies [8] , [13] , [17] , [18] , [26] , markings are categorized into good and bad markings. In the first stage, the maximal good markings are determined by analyzing the reachability graph [22] . Then, in the second stage, a controller is designed to prevent the system from reaching bad markings so that all the good markings can be retained on the basis of the theory of regions.
Several studies have investigated deadlock prevention based on reachability graphs. Uzam and Zhou [8] introduced an iterative approach whereby, in each iteration, a first-met bad marking (FBM) is derived from the reachability graph of a Petri net, and a monitor is designed to prevent the FBM from being reached by using a place invariant. This process continues until the resultant system becomes live. Motivated by this approach, Chen et al. [13] , [27] developed an improved policy. First, the sets of legal markings and FBMs are computed using binary decision diagrams (BDD). Second, a vector covering approach is adopted to derive the minimal sets of legal markings and FBMs. In each iteration of this method, an FBM is selected. By solving an integer linear programming problem (ILPP) [19] , a control place is added to make the FBM unreachable, and none of markings in the minimal sets of legal markings is forbidden. It has been proved that a maximally permissive Petri net supervisor can be obtained by this policy.
Although reachability-graph-based strategies can always preserve more permissive behavior of the resultant system, the large amount of computation required for the reachability set will lead to the problem of state space explosion. Thus, such policies can be used only in the case of small-scale Petri nets. On the other hand, policies based on siphons avoid computation of the reachability graph. Consequently, they have emerged as one of the most interesting topics in the field of deadlock control based on Petri nets. Our study falls under this field.
Ezpeleta et al. [4] originally defined a class of Petri nets called system of simple sequential processes with resources (S 3 PR) nets. They found that the existence of an unmarked strict minimal siphon (SMS) is a necessary and sufficient condition for the liveness of S 3 PR models. Therefore, by controlling all SMSs, they successfully achieved deadlock prevention. Since then, a well-known S 3 PR net mentioned in [4] has been widely used as an example to verify the performance of control policies [3] - [9] , [11] , [13] , [14] , [28] - [33] . To reduce the computational complexity of siphons, Chu and Xie [10] proposed an approach to find a maximal unmarked siphon for structurally bounded S 3 PR nets on the basis of mixed integer programming (MIP). Subsequently, Huang et al. [7] proposed an iterative MIP-based deadlock prevention algorithm for S 3 PR nets whereby, in each iteration, an SMS is derived from a maximal unmarked siphon, and a monitor is designed to prevent the SMS from being emptied until no unmarked siphon is detected. Li and Zhou [12] originally proposed the concept of elementary and dependent siphons [25] . If elementary siphons are controlled, dependent siphons are also controlled. Therefore, controllers only need to be added to elementary siphons, and the structural complexity of the supervisor [20] is reduced significantly. After studying the relationship between siphons and dead markings, Piroddi et al. [6] categorized siphons into essential and dominated siphons. By controlling essential siphons, only dead markings are blocked and an optimal liveness-enforcing supervisor is obtained.
For S 4 PR nets, Park and Reveliotis [5] defined the deadly marked siphon and proposed an algorithm for computing the maximal deadly marked siphon on the basis of MIP. By adding control places to guarantee that sufficient resources are available in the system, a polynomial-complexity resource-oriented policy was developed. The MIP-based deadlock prevention strategy proposed by Tricas et al. [11] has significantly contributed toward improving the behavioral permissiveness and decreasing computational complexity of controlled systems. Various liveness characterizations of S 4 PR nets have been highlighted; accordingly, an iterative policy has been introduced. To ensure that the resulting system has as many permissive behaviors as possible, in each iteration, one bad siphon is computed and a control place is added to forbid some bad markings.
The performance of a deadlock prevention strategy must be evaluated on the basis of three important factors, namely behavioral permissiveness of the controlled system, computational efficiency of the algorithm, and structural complexity of the supervisor. The purpose of our study is to establish an effective control policy that not only preserves all good permissive behaviors of the controlled system but also possesses low computational complexity so that it can be applied to large-scale Petri nets. Furthermore, the structural complexity can be simplified. Inspired by the work of Tricas et al. [11] , we propose an improved iterative deadlock prevention policy based on MIP. Specifically, we present a new MIP-based extraction algorithm for the minimal bad siphon. Only bad markings associated with the bad siphon are prohibited so that the controlled system has more permissive reachable states compared to the system resulting from the control policy proposed in [11] . In particular, we devise an optimal livenessenforcing supervisor for a well-known S 3 PR net [4] and an S 4 PR net [9] . Although an MIP problem is NP-hard in theory, the case study conducted in [10] shows that the computational efficiency of an MIP problem is much higher than that of the classical complete state and siphon enumeration methods.
The main contributions of this study can be summarized as follows:
1) We develop a new MIP-based method for computing the minimal bad siphons. 2) We present a new control strategy for bad siphons on the basis of MIP. 3) According to experimental results, our strategy can find the maximally permissive liveness-enforcing supervisor not only for a type of S 3 PR nets but also for S 4 PR nets.
II. PRELIMINARIES
A. PETRI NET'S DEFINITION [15] A Petri net N = (P, T , F, W ) is a four-tuple, where P and T are finite, nonempty, and disjoint sets. P is the set of places and T is the set of transitions. F ⊆ (P × T ) ∪ (T × P) is the incidence relation between P and T . The set W : F → N is a mapping that assigns a weight to an arc in F, where
N is called an ordinary net where W (x, y) = 1 iff (x, y) ∈ F. Let x ∈ P ∪ T be a node of the net; • x = {y ∈ P ∪ T |(y, x) ∈ F} is called the pre-set of x, and x • = {y ∈ P ∪ T |(x, y) ∈ F} is called the post-set of x. For p ∈ P, t ∈ p • is called an output transition of p. [N ] denotes the incidence matrix of the net N, and it is a |P| × |T | integer matrix with [N ] 
The marking M of net N is a mapping from P to N. M (p) denotes the number of tokens in place p. The set of reachable markings from M in N is called the reachability set of Petri VOLUME 6, 2018 net (N , M ), and it is denoted by
Let S be a non-empty subset of P. S is a siphon iff For a structurally bounded net, B(p) is the structural bound of place p where
B. S 4 PR MODEL Definition 1 [5] : A well-marked S 4 PR is a generalized connected self-loop-free Petri net N = (P 0 ∪ P A ∪ P R , T , F, W ) defined as the union of a set of nets
2) P 0 , P A , P R are called the process idle places, operation places and resource places respectively. T is called the set of transitions.
is a strongly connected state machine such that every circuit of the state machine contains idle place p 0 . [5] : Let N = (P 0 ∪ P A ∪ P R , T , F, W ) be a S 4 PR and r ∈ P R . The set of holders of r is defined as H (r) = •• r ∩ P A . Th S = (∪ r∈SR H (r))\S is called the complementary set of siphon S.
C. S 3 PR MODEL
Definition 3 [16] : An S 3 PR is an ordinary connected selfloop-free Petri net N = (P 0 ∪ P A ∪ P R , T , F, W ) defined as the union of a set of nets
III. THE MIP-BASED DEADLOCK PREVENTION POLICY
Deadlock is closely related to bad siphons in S 4 PR nets, which means that the existence of the bad siphon defined below can cause the net system to be non-live. The following theorem reveals such a relationship whereby the existence of the bad siphon is a necessary and sufficient condition for whether the net is non-live or not. Definition 4 [11] :
Theorem 1 [11] : Let N = (P 0 ∪ P A ∪ P R , T , F, W ) be a well-marked S 4 PR net with initial marking M 0 . The net is non-live iff there exist a bad siphon S and a bad marking M ∈ R(N , M 0 ) such that ∃p ∈ P A and a set of r ∈ S ∩ P R , M (p) > 0, and each process-enabled transition at M is r-disabled. As a result, bad siphon
Note that bad marking M associated with bad siphon S is called the S-bad marking.
On the basis of the above-mentioned liveness analysis of S 4 PR, an iterative deadlock control algorithm was proposed by Tricas et al. [11] , which aims to find a minimal bad siphon S and keep the system away from S-bad markings by adding a controller in each iteration. To calculate a bad siphon and S-bad markings, a set of inequality constraints is represented below in Proposition 1 and Proposition 2, respectively.
Proposition 1 [11] :
The net is non-live iff there exist a bad siphon S and a bad marking M ∈ R(N , M 0 ) such that the following system of inequality constraints has at least one feasible solution. The bad siphon is defined as S = {p ∈ P A ∪ P R |v p = 0}:
∀p ∈ P\P 0 ,
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Proposition 2 [11] : Let N = (P 0 ∪ P A ∪ P R , T , F, W ) be a well-marked S 4 PR net with initial marking M 0 . The net is non-live iff there exist a bad siphon S and a S-bad marking M ∈ R(N , M 0 ) such that the following system of inequality constraints has at least one feasible solution.
IV. IMPROVED MIP-BASED DEADLOCK PREVENTION POLICY
Inspired by the work of Tricas et al. [11] , in this section, we introduce an improved MIP-based deadlock prevention policy and we show how our method achieves better performance. First, according to the definition of the bad siphon in Theorem 1, a new MIP-based approach for calculating a bad siphon S is presented. Second, a new MIP-based method for computing S -bad markings is presented. Finally, based on the results of the two previous methods, a new MIP-based control algorithm is proposed. For this purpose, three binary indicator variables, namely e t , e rt , and v p , are employed to transform the solution of bad siphons and bad markings into MIP problems. For a marking M ∈ R(N , M 0 ), e t indicates whether t ∈ T \P • 0 is process-enabled or not, e rt indicates whether t ∈ T \P • 0 is disabled by r ∈ P R ∩ • t or not, and v p indicates whether p ∈ P\P 0 belongs to a bad siphon or not.
Proposition 3: Let N = (P 0 ∪ P A ∪ P R , T , F, W ) be a well-marked S 4 PR net with initial marking M 0 . The net is non-live iff there exist a bad siphon S and a bad marking M ∈ R(N , M 0 ) such that the following system of inequality constraints has at least one feasible solution. The bad siphon is defined as S = {p ∈ P A ∪ P R |v p = 0}:
Proof: Constraint (22)−(23) represents a solution for computing a siphon. If ∃p ∈ P\P 0 , p ∈ S , then ∀t ∈ • p, ∃q ∈ • t, q ∈ S . According to the definition of the bad siphon in Theorem 1, if r ∈ S R , then ∃t ∈ r • \P • 0 such that t is process-enabled at M and r-disabled. Therefore, in constraints (25)−(26), e t = 1, which implies that
In constraints (27) ,
, then e rt = 1, which implies that t is r-enabled. By contrast, if e rt = 0, which implies that t ∈ T \P • 0 is r-disabled where r ∈ • t ∩ P R , then M (r) ≤ W (r, t). Based on the values of e rt and e t , constraints (28)-(30) indicate whether r ∈ S R or r / ∈ S R . Constraint (28) implies that if e t = 1 and e rt = 0, which implies that t ∈ T \P • 0 is process-enabled and r-disabled at M , then v r = 0, which denotes r ∈ S R . Constraint (29) states that ∀r ∈ P R and ∀t ∈ r • \P • 0 , if e rt = 1, which implies that t is r-enabled, then v r = 1, which implies that r / ∈ S R . Further, if r ∈ S R , then ∃t ∈ r • \P • 0 , t is r-disabled. Constraint (30) VOLUME 6, 2018
is used to determine that ∀r ∈ P R and ∀t ∈ r • \P • 0 , if t is not process-enabled at M , then r / ∈ S R . To ensure that the siphon S that is calculated is a bad siphon, constraint (24) imposes the restriction that t ∈ T \P • 0 must be process-enabled at M , and the constraint (31) states that if t is process-enabled at M , ∃r ∈ • t ∩ P R , t is r-disabled.
Next, we discuss how Proposition 3 is improved. In Proposition 1, constraint (8) states that if ∀r ∈ P R , ∃t ∈ r W (r, t) , then e rt = 1. If e rt = 1, then from constraints (6) and (7), we can know that the value of v r can be 0 or 1, which implies that the resource place r could belong to a bad siphon as long as ∃t ∈ r • \P • 0 is r-enabled. Nevertheless, in terms of the definition of bad siphons, if r ∈ P R belongs to a bad siphon, ∃t ∈ r • \P • 0 is r-disabled. Moreover, it can also be deduced from constraints (7) that ∀r ∈ P R , if ∃t ∈ r • \P • 0 , which implies that e rt = 0, then v r = 0, which implies that if t ∈ r • \P • 0 is r-disabled, r must be a place in a bad siphon. However, the condition that t ∈ r • \P • 0 is r-disabled is not the only condition for r ∈ P R belonging to a bad siphon; t must also be process-enabled. After the analysis described above, the siphon calculated from Proposition 1 is sometimes not a bad siphon. If a monitor is added to this siphon, no deadlock states are forbidden and the structural complexity of the controlled system increases instead.
To illustrate the problem intuitively, let us consider an S 4 PR net in Fig. 1 14 at M . To control the siphon S, a monitor V S is added on the basis of the algorithm presented in [11] , as shown in Fig. 1 . After the analysis of the available states, the controlled system still has 70 reachable states, and no deadlock states are forbidden.
Therefore, in Proposition 3, constraints (28)-(30) are added to replace constraints (6)- (7) in order to ensure that the calculated siphon is in complete conformity with the definition of bad siphons. For a bad marking M ∈ R(N , M 0 ), constraint (28) defines the constraint condition that resource places belong to a bad siphon. ∀r ∈ P R , if ∃t ∈ r • \P • 0 is process-enabled and r-disabled at M , then r belongs to the bad siphon. Constraints (29)- (30) guarantee that if r ∈ P R belongs to a bad siphon, ∃t ∈ r • \P • 0 such that t is processenabled and r-disabled at M . By contrast, ∀r ∈ P R , if all t ∈ r • \P • 0 are r-enabled at M or are not process-enabled, r does not belong to the bad siphon. For the case of Fig. 1 , e t3 = 1, e t2 = 1, e p13 t3 = 0, and e p16 t2 = 0 can be derived from Proposition 3 at the bad marking M = 2p 1 + p 2 + 2p 3 + 5p 5 + 5p 9 + p 12 + p 14 . Obviously, {p 13 , p 16 } ∈ S R because |e t3 − e p13 t3 − 1| = 0 ≥ v p13 ⇒ v p13 = 0 and |e t2 . −e p16 t2 − 1| = 0 ≥ v p16 ⇒ v p16 = 0 according to constraint (28) . Further, this result fits the condition of constraints (29)-(30) as well. With respect to p 14 , which is considered to belong to the bad siphon in the previous analysis of Proposition 1, M (p 14 ) = 1 ⇒ e p14 t6 = 1 is obtained from constraints (27) . For its only output transition (29) , which implies that p 14 / ∈ S R . The same result can be concluded from constraint (30) because M (p 6 ) = 1 ⇒ e t6 = 0 ≥ 1 − v p14 ⇒ v p14 = 1. Ultimately, the only bad siphon S = {p 4 , p 6 , p 8 , p 11 , p 13 , p 16 } is obtained exactly.
Preventing the system from reaching deadlock states by controlling bad siphons is the core idea of deadlock prevention policies based on siphons. To avoid controlling all bad siphons, the method for computing the minimal bad siphon with minimal number of places on the basis of MIP is introduced. It is also expected that the larger bad siphons can be controlled by controlling the smaller ones.
Corollary 1: Let N = (P 0 ∪ P A ∪ P R , T , F, W ) be a well-marked S 4 PR net with initial marking M 0 . The net is non-live if there exist a bad siphon S and a bad marking M ∈ R(N , M 0 ) such that the following system of inequality constraints has at least one feasible solution. The bad siphon is defined as S = {p ∈ P A ∪ P R |v p = 0}:
It can be observed that Corollary 1 is a sufficient condition because markings generated by the state equation are not necessarily reachable. However, this method does not affect the purpose of seeking liveness-enforcing supervisors, because if controllers can forbid bad markings determined by the state equation, they must forbid the reachable ones as well.
To ensure that the controller only blocks the bad markings associated with a bad siphon so that the controlled system has higher behavior permissiveness, a new MIP-based approach for calculating bad markings is introduced as follows.
Proposition 4: Let N = (P 0 ∪ P A ∪ P R , T , F, W ) be a well-marked S 4 PR net with initial marking M 0 . The net is non-live iff there exist a bad siphon S and an associated bad marking M ∈ R(N , M 0 ) such that the following system of inequality constraints has at least one feasible solution.
Proof: Constraints (37)-(38) related to e t are the same as constraints (25)- (26) in Proposition 3. ∀t ∈ T \P • 0 , e t = 1 iff t is process-enabled. Conversely, e t = 0 iff t is not processenabled. Constraints (39)-(40) lead to a necessary and sufficient condition for e rt , and they differ from constraints (27) in Proposition 3. ∀r ∈ P R and ∀t ∈ r • \P • 0 , e rt = 1 iff t is r-enabled by r. By contrast, e rt = 0 iff t is r-disabled. For a given bad siphon S , constraint (41) ensures that ∀r ∈ S R , ∃t ∈ r • \P • 0 is process-enabled at M . On the other hand, ∀r ∈ P R \S R , all t ∈ r • \P • 0 must be r-disabled at M , which is restricted by constraint (42). Constraints (36) and (43) are the same as constraints (24) and (31) in Proposition 3, respectively, which ensures that the marking that is derived is a bad marking. Note that the bad marking M associated with S is called an S -bad marking.
Compared to Proposition 4, for a given bad siphon S, only one constraint, i.e., constraint (18) , is related to S in Proposition 2, which states that ∀r / ∈ S R , all t ∈ r • \P • 0 are r-disabled. However, this constraint alone does not guarantee that the requested marking is a bad marking associated with S, since markings of resource places belonging to S are not restricted. Let us consider an S 3 PR net in Fig. 2(a) , where 10 , p 11 }, and P R = {p 12 , p 13 , p 14 }. The reachability graph of the uncontrolled system given in Fig. 2 has 79 states, where 69 are good states. A bad siphon S = {p 4 , p 8 , p 11 , p 12 , p 13 , p 14 } can be determined by using Proposition 1, and then S-bad marking M = 5p 1 + 4p 5 + p 6 + 4p 9 + p 10 + 2p 14 is determined by Proposition 2, because there exist transitions t 6 and t 10 such that they are process-enabled and p 13 -disabled and p 12 -disabled at M , respectively. Since all resource places in the net belong to S, there is no resource place that does not belong to S to satisfy the condition of constraint (18) . However, the S-bad marking M determined by Proposition 2 is irrelevant to S because M (p 14 ) = 2 implies that all t ∈ p • 14 are p 14 -enabled at M , which causes p 14 / ∈ S on the basis of the definition of the bad siphon. Sometimes, adding a controller based on this result can limit the behavior of the system excessively. To avoid S-bad markings, a control place V S shown in Fig. 2(b) is added in terms of the algorithm proposed by Tricas et al. [11] The initial marking of V S is 1, where M 0 (V s ) = M 0 (S) − M (S R ), which implies that S R = {p 12 , p 13 , p 14 }. Consequently, the resultant system is live and 27 good states are preserved, which implies that 52 reachable states, i.e., 10 deadlock states and 42 good states, are forbidden.
Accordingly, a new constraint, i.e., constraint (41), is added in Proposition 4, the purpose of which is to ensure that the bad marking determined must be the marking associated with the given bad siphon. Constraint (41) states that if r is a resource place belonging to a bad siphon, then ∃t ∈ r • \P • 0 is process-enabled. For the example in Fig. 2(a) , according to our method, it is impossible for the marking M = 5p 1 + 4p 5 + p 6 + 4p 9 + p 10 + 2p 14 to be calculated as an S -bad marking associated with a given bad siphon S = {p 4 , p 8 , p 11 , p 12 , p 13 , p 14 }. Because p • 14 = {t 2 , t 7 }, both t 2 and t 7 are not process-enabled at M , which does not meet the condition of constraint (41). Instead, an S -bad marking M = 3p 1 + 2p 3 + 3p 5 + p 6 + p 7 + 5p 9 is determined by Proposition 4. At M , it can be derived from constraints (37)-(38) that M (p 3 ) = 2 ⇒ e t3 = 1, M (p 6 ) = 1 ⇒ e t6 = 1, and M (p 7 ) = 2 ⇒ e t7 = 1. The results M (p 12 ) = 0 ⇒ e p12 t3 = 0, M (p 13 ) = 0 ⇒ e p13 t6 = 0, and M (p 14 ) = 0 ⇒ e p14 t7 = 0 can be deduced from constraints (39)-(40). For p 12 ∈ S R , ∃t 3 ∈ p • 12 \P • 0 , and the value of e t3 conforms to the condition of constraint (41). Further, the values of e t3 and e p12 t3 conform to the condition of constraint (43) as well. For p 13 , p 14 ∈ S R , the values of e t and e rt are the same as those for p 12 so that all of them match the conditions in Proposition 4. In the subsequent example analysis, it can be seen that the controller added on the basis of this result not only forbids some bad markings but also retains all good states of the system shown in Fig. 2(a) .
On the basis of Proposition 4, M max S is defined for seeking the maximal number of resources held by S at S -bad markings.
Definition 6: Let N = (P 0 ∪ P A ∪ P R , T , F, W ) be a well-marked S 4 PR net with initial marking M 0 . Let S be a bad siphon. M max S is defined as follows:
is the maximal number of resources available at S -bad markings. To prevent siphons from becoming bad siphons, it is guaranteed that the process places of the complementary set of S do not use more resources than M 0 (S )−M max S by constructing a P-invariant, which is defined as follows. It has been proven in [11] that the resultant net is still an S 4 PR net after a control place is added on the basis of Definition 7, and the number of reachable states of the net is reduced, which implies that the iterative process of Algorithm 1 will be terminated.
V. EXAMPLE
In this section, first, the small-scale S 3 PR net shown in Fig. 2(a) is used to illustrate how the proposed deadlock control policy is applied. Then, to further demonstrate the theoretical achievements of our approach, a large-scale well-known S 3 PR net [4] is used to compare the performance of the proposed policy with that of existing deadlockprevention policies. Finally, this approach is applied to a S 4 PR net to show its advantageous performance and wider scope of application. All the following MIP problems are resolved using professional optimized solution software called LINGO.
A. DEADLOCK CONTROL FOR A SMALL-SCALE OF S 3 PR NET
According to Algorithm 1, the first minimal bad siphon S1 = {p 4 , p 8 , p 11 , p 12 , p 13 , p 14 } is detected by Corollary 1 from Fig.2(a) , where Th S1 = p 2 + p 3 + p 6 + p 7 + p 10 . Next, the associated M max S = 0 is determined by Definition 6 and a control place V S1 is generated, which implies that the incidence vector [N ](V S1 , ·) = −t 1 + t 3 − t 5 + t 7 − t 9 + t 10 and the initial marking M 0 (V S1 ) = M 0 (S1 ) − (M S1 max + 1) = 3 according to Definition 7. After the controller V S1 is added to N , four deadlock states are forbidden and all good states are preserved. In the second iteration, a new minimal bad siphon S2 = {p 4 , p 6 , p 8 Fig. 3 is live. By adding 3 monitors and 12 control arcs, all 69 good states of the net are retained and the maximally permissive liveness-enforcing supervisor is obtained. Note that since three bad siphons, namely S1 = {p 4 , p 8 13 }, are of the same length, the bad siphon derived from Corollary 1 could be any one of them in each iteration. When we control them by using Algorithm 1, regardless of which one is the first to be controlled, the resultant system is the same, which is live and has maximally permissive behavior. 
B. DEADLOCK CONTROL FOR A LARGE-SCALE OF S 3 PR NET
The plant model shown in Fig. 4 [4] . Subsequently, many deadlock control strategies have been applied to it in order to compare the performance of the controlled system. According to the proposed MIP-based policy, 15 minimal bad siphons are derived from this uncontrolled PN throughout the iterations. For each minimal bad siphon, a monitor is added to stop it from being a bad siphon, as shown in Table 1 .
The resultant system with 15 monitors is live and has 21581 reachable markings, which implies that the optimal controlled system is obtained.
To demonstrate the efficiency of the proposed policy, the performances of some well-known deadlock prevention Fig. 4 . policies for this example are compared, as shown in Table 2 . The first column represents the policies. The second and third columns indicate the number of reachable states and added monitors, respectively. The fourth column shows whether complete siphon enumeration is required in the policy. The fifth column indicates the need for complete state enumeration. The sixth column indicates the computational complexity of the policy.
As shown in Table 2 , the liveness-enforcing supervisors obtained by the policies proposed in [6] , [8] , and [13] are optimal or suboptimal, while the computational complexities of these policies are exponential for the computation of the reachability graph or complete siphon enumeration. Among them, the algorithm described in [6] can construct the optimal liveness controller, but it only works on S3PR nets. The computational complexities of the policies proposed in [3] , [7] , [11] , [12] , and [14] are the same as that of the proposed policy, because they avoid complete siphon enumeration and computation of the reachability graph successfully. However, the behavior permissiveness of controlled systems based on these strategies is much lower than that of ours. From the analysis described above, we can see that the proposed policy is excellent in terms of not only the computational complexity of the algorithm but also the behavior permissiveness of the controlled system. Fig. 5 shows an S 4 PR net model of FMS from [9] , where P 0 = {p 8 , p 12 , p 18 }, P R = {p 19 − p 25 }, and P A = {p 1 − p 7 , p 9 − p 11 , p 13 − p 17 }. It has 9378 reachable states, where 8832 are good states. On the basis of the proposed policy, the optimal liveness-enforcing supervisor is determined as shown in Table 3 . The controlled system is deadlock-free and retains all the 8832 good states. Although the algorithm proposed in this paper can yield the optimal controlled system in all three cases, it must be pointed out that liveness-enforcing supervisors designed by this policy are not optimal for all non-live S 4 PR nets.
C. DEADLOCK CONTROL FOR A S 4 PR Net

VI. CONCLUSION
This paper proposed a new deadlock prevention strategy for S 4 PR nets. The proposed strategy was based on MIP. By controlling the minimal bad siphon calculated in each iteration, all bad markings associated with the siphon were prevented, and a live S 4 PR net was finally obtained. The proposed policy was applied to three cases. The experimental results showed that the proposed approach not only had low computational complexity but also preserved all permissive behaviors of the system. However, as mentioned above, the policy did not yield the optimal controlled system for all S 4 PR nets. Therefore, investigating how to guarantee optimal controllability of the siphons for additional types of S 4 PR nets on the basis of MIP is a direction for future work.
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